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Solution Sheet 2— The Stochastic Integral

2.1: We want to write the integral as the limit of integrals of simple processes, so let the

partition II" have points ¢ = L and set 7 = Z;:S £ Lm . )(s). We can see that

this sequence of simple processes converges in the appropriate sense to ¢, and so

t t
/ sdiW, = lim [ ¢"dW,
0

n—o0 0

n—1

= lim > U (W, — W),
§=0

No(xiiv note that we can write 7, Wi — ] Win =7 (Wi = Win) +Wen (8], —17),
and so

t n—1
s = tim S [ Wi, = W = Wi (650 1)
=0
t
= tWt —/ WSdS.
0

2.2: (a) We can rewrite fOT Widt as a limit of sums along the same partition, and then

we have
T
lim > W, (Wi, — Wi,)* — / W,dt
y 0
= hmz [Wti(Wti+1 — Wti)Q _ Wti (ti+1 - tz)]
= hmz |:VV75Z ((Wti+l — Wti>2 — ti—l—l — tz> i| s
SO

2
T
<Z V[/tz(m1+1 - Wti)2 - / Wtdt)
i 0
=Y W (Wayy = W) 4 Y W (i — 1:)* =2 W2 (Wa, — W) (tia — 1)

+ Z M/ti(m/ti+l - Wti>2Vth (tj-‘rl - tj)'

i<j
Now,
E Wi (Wi, — W) ] = E[WE]E [(Wh,, — Wi,)'] = 3tiltisn — )%,
E [W7(tis1 — t:)?] = ti(tis1 — )%,
and
E (W2 (Wi, — Wi, (tin — ti)] = E[W2]E [(Wh,, — Wi,)?] (i — )

= t;(tiy1 — t;)*
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For the cross terms we have (for i < j)

E [th ((Wti+1 - Wti)2 - ti+1 - ti) Vth ((Wtj+1 - Wtj)2 - tj-‘rl - tj)}

=K [E [Wtz ((Wti+1 - Wtz‘)Q - ti+1 - ti) Wtj ((Wthrl - Wtj)2 - tj+1 - tj) |JT_;53H
=E [I/th ((Wti+1 - Wti)Q —tip1 — ti) WtjE [(ijrl - Wtj)2 - tj+1 - tj|“Ej:|]

= 0.

Combining these, we get that

2
E (Z Wy, (Weyyy — Wi, )2 = Wi, (tisn — tz)) =2 Z ti(tipr — ;)
< IITD (tipr — 1)

= |7
— 0, as ||II|| — 0.

(b) We take a similar approach to above and find that

E (Z (Wi, — Wti)3> 2

= ZE |:(Wti+1 - Wti)6i| +2 ZE |:(Wti+1 - Wti)3 (Wtj+1 - Wtj)g-
i i<j )

7

J

| S

—15 Z(tiJrl — ;) + ZE [E [(Wml — Wti)3 (W, — Vth)3

1<j

7

J

=153 (s — )P+ 3B | (W, = W) E | (W, = WL,)

1<j
=15 (ti1 —t)°

< 15|mj*T
— 0, as |II|| — 0.

| S

(c¢) To use the previous two parts we note

(Wi, = Wi)° =W

tit1

— WP =3W2 (W, — Wa,) = 3W,, (W, — Wti)Q |

so that

t
3 / W2dW, = 3lim > W (W,,,, — Wy,)
0 i
—lim Y [(Wf;ﬂ - WZ’,) (Wi — W) — 3, (Wi, — Wtﬂ
' t
=W2+0- 3/ Wsds (by the previous parts)
0

t
=W} - 3/ Wds.
0
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2.3: Take the simple process ¢, = ZN61 €jlit;.6,40)(7), where tg < s and ty > t.
Then s € [tg,try1), t € [t, tl+1) for some k, [, and so ¢, 1(54(r) = ijgl e, 700 (7);
where tg = 8,1 = tgy1, -+ ,ty-1 = b, by = t. If u € [t;, t;1) then

t [ee]
/ qu’dWr = / qbr]-[s,t) (T)dW
s 0
M—

- Z J+1 ~J')

7=0
i—1
= ej(ngH — W{j) + 61(Wu — Wgz) + ei(WgZ_H — Wu>
7=0
M-1
+ Z ej(WtJ-H Wij)
Jj=i+1
7 M

- Z ej(W£j+1 - W)%) + Z ej(Wt 41 - WEJ)

J=i+1
/ ¢r [s,u) dW +/ ¢r ut)

[id)] If ¥, 154 (r) = Z;V 01 fi1i5,.5,.1)(7), then we can combine the partitions of the
two simple processes to get a new partition of times t}-, and then

/ (a¢r+ﬁ¢r dW / ¢r st( )+wr1[st( ))dW

E

= ) (ae; + B (Wi, —Wy)

7=0
M-1 N-1
=a Y e;(Wy,, = Wi)+ B f;(Ws,, — W)
j=0 j=0
t
:a/ o AW, +ﬁ/ U, dW,.

Also,

U@

=0
_ MZ_:I]E [E [e;(W;,,, - Wi)| 7] | 7]
=0
) M*l]E [ej]E [W£j+1 — W, |7 } ‘]-“8] (e; is known at time ¢;)
o
Ao E | [/ 6 aW,| =E[E |[! 6, aW;| % ]| =o0.
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If ¢,1[0,8)(r) = Y200 i1, 0,00 (1), then [§ ¢, dW, = S22 e, (W, — W),
but each e; is F;,-measurable, and each Wy, — W, is F; . -measurable. Then,

since Fy; C Fy,, © Fi, we have that for each t, fg o.dW,. is Fi-measurable,
and therefore the process is adapted.

For continuity note that

t+e N
/ G dW, = e (W, — Wy)
0

=0

<
I

=

= e;(We
j=

= ¢rdWr —+ eN(Wt+s — Wt)
0

— Wtj) -+ €N(WtN+1 — WtN)

Jj+1

™+ o

t
—>/¢TdWT as ¢ — 0.
0

Finally, we observe that these properties tend to be observed in the limit, so:

e Additivity: If ¢V is a sequence of simple functions approximating ¢ € V,
then a fortiori ™1y [s,u) approximate 1, [s,u) and hence [l aw, —
fsu ¢ dW, in L*(P). Since similar convergence holds for all the relevant terms,
we must get the required identity in the limit.

e Linearity: Similar to above, f: oN AW, — fst o, dW,., etc., so we get equality
of the limiting sum.

e Expectation: This follows from the additional fact that convergence in £2(IP)
implies convergence in £L}(P), and E [| X,, — X|] — 0 implies E [|X,,|]] = E[|X]].
(By Jensen’s inequality |E[|X,|] — E[|X|]| < E[||X,| —|X]|], and by the re-
verse triangle inequality, E [||X,| — | X||] < E[| X, — X]|].)

e Adaptedness: The limit is adapted, since the limit of adapted random vari-
ables is itself adapted.

2.4: It is easy to verify that

ho(SC) =1

hi(z) =

hy(z) = 2 — 1
hs(z) = 2* — 32

For n = 1 we have
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as required. Then,

t ug t
/ / AW, dW,, = / W, dW,,
0 Jo 0
1 1

= §Wt2 - 515 (from the example used in lecture notes)

2
_ ey
20\t

_ (W
T2 \Vi /)
Finally,

t us ug t 1 1
/ / / dW,, dW,,dW,,, = / W2 — —ug | dW,,
0o Jo 0 0 2 ’ 2

1 1/ 1!
— EWE’ — 5/ W,dW, — 5/ sdW, (by[Q2.2)
0 0

1 1 t 1/t
ZEWt3+5(/o deS—tWt)—§/0 sdW,  (by[Q2.1))
1 1
:—WB——tWt
6 ¢ 2
_er (W
3 P\Vi /)

2.5: Notice that

2/; L /Otwudwu - </0 budVV, —/Otwudwu>2 - (/0 %dwu)?

t 2
- (/ ¢uqu> )
0
so that, by the Ito Isometry,

E{z/otmdwu/;wudwu] _E :/Ot<¢u—wu>2du—/Ot¢idu—/0twidu]

=E /0 [(%—wuf—cbi—wﬂdﬂ

=E /0 t 2q§uwudu1 .

2.6: By definition,
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Similarly,
t
/0 W2odW, =1limy_ % (W2, +W2) Wi, = W)
1
= limz {5 (Wti+1 _ Vth)g + Wt,- (Wti_,_l — Wti) + Wti (Wti+1 - Wti)

t t
=0+/ Wudu+/ W2dw,
0 0

by [Q2.2]
2.7: We can write

T
/O dudW,, —lim Z O (Wi, = Wi,) = lim ;wti = 0u) Wi, = Way),

but by the Cauchy-Schwartz inequality,

2

E <E E

> (¢, — &) (W, — W)

)

> (b, — r:)?

)

Z(Wti+l - Wti )2]

)

- ZE |:(¢t1 - Cbt;)ﬂ ZE [(Wthrl _ Wtj)Q]
: Z(t;k — ) Z(tj—i-l — 1))

J
ST (tin— ;)"
< 7|1

— 0 as [[II|| = 0.

We have therefore shown convergence in £(PP), and convergence in probability fol-
lows.

2.8: (a) We have already discussed adaptedness and continuity, so it remains to show
that we have integrability and the martingale property. For integrability note
that by Jensen’s Inequality, the [to Isometry, and the definition of V,

e[ e ()] [ o]~
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For the martingale property,

t S t
/ budiV, / budV, + / Gud IV, fs]
0 0 s

= / GudWy + E Z ej<Wtj+1 - Wtj)
0

s<t;j<tj 1<t

:/Os¢uqu+ > E

s<t;j<tj 1<t
= / O dW,,.
0

(b) We have shown that for each n, I" is a martingale, and therefore I™ — ™ is
also a martingale for any n, m, so we can use Doob’s Martingale Inequality on
this. Then, by the Ito Isometry again,

E Fs| =E

Fs

E ej(Wt Wt )

J+1 J

n m 1 n m
P(sup - |2A) < E (15— 1P

0<t<T
1 r )

— 0 asm,n — oo.

Therefore we can choose a subsequence ny such that

P ( sup I/ — I'*| > 2_’“) <27

0<t<T

(¢) The Borel-Cantelli Lemma then tells us that

P < sup |Itn’“+1 — It"’“| > 27" for infinitely many k) =0,

0<t<T
so for almost every w there is a ki (w) such that

sup | (w) — I (w)| = 27% for k > ki (w).

0<t<T

Therefore ;" (w) is uniformly convergent for 0 < ¢ < T and almost every w, so
the limit is ¢-continuous for 0 < ¢ < T almost surely. But [["* — I; in L*(P)
for all ¢, and we are done.
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