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Solution Sheet 3— Stochastic Calculus

3.1: (a) By Itd’s Lemma, if ¥; = eM X}, then

dY; = M\ — X;) + Mo dW; + AeM X, dt
= e dt 4 o dW,

SO
t
Vi = Xo+p(eM—1)+ 0/ e AWV,
0

and .
Xi=eMXo+p(l —e ) + Je)‘t/ e dW.
0

(b) We find the generating function of Y by considering Z; = e"*. By It6’s Lemma,
1
dZ, = nZ,dY, + 5772% d(Y),

1
= (nZt/\ue’\t + §n22t02e2)‘t> dt + nZtUe’\t dW,.
Then, provided E [ fg Zfe”‘sds] < 00,

! 1
m(t) = E[Z] = / (W\MGAS + 5772028%) m(s)ds
0

1
= 1) = (n)\ue” + 57720262)‘t) m(t)

1 .02
= m(t) = Aexp (W(e” —-1)+ _nQU (e”‘t _ 1))
= AL 1207 o

=exp | n(wo + p(e™ —1)) + = (e ny

since m(0) = E[e™°]. Then, we can see from the form of the generating
function that

2
}/2 ~ N (xo +//L(eAt _ 1)7 g_)\(eQ)\t _ 1))
2
— e MY, =X, ~ N (e’\txo + (1 —e™M), g—/\(l - e2)‘t)> :
(¢) We still have

1 2
m(t) = Aexp (nu(eAt —1)+ 5772g_>\(62>\1t _ 1)> ’
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but now Yy ~ N (,u, g—/\> and so m(0) = E [¢"0] = e+27°5 . Therefore,

—€

272X

— YV, ~ N #e/\t 0—2€2>\t
! "2

o2
— X;~ N —
t (Ma 2)\> )
so X is stationary.

1 2
m(t) = exp (We” e w)

3.2: We work via induction, and we have shown the result for n = 1,2, 3 in the previous

sheet, so the base case is done. Suppose the result holds for some n. Then,

/ | /
Un+1=0 Ju

/ dw,, ---dw, d
=0 u1=0

oyl
WunH:/ 9 (e
o n!

Vu
ntl
Now, by It6’s Lemma, if we let Z;, = ﬁhnﬂ (%), then
n—1
1t=
dZt - = : (

W, 1t W,
g =2 | At — S ——— W, dt
2 pl M \/z> 2(n+1) " ”+1< )

Vi
ts

W, 1 5
S— — | dW; + =
MCESY] (ﬁ) o
1t

i (Vi) @
s |0 e () = Ve () 10 (G5
B
_ %h [(n + by <%) —(n+ 1)%1% (%) +n(n + DR, (%)} dt
+ ;—%hn (%) A,
_ %'h <%)

using the given relations for Hermite polynomials. So then

n+1 n
t 2 W, tuz W,
Zy=——hor [ 4) = [ —h, [ =2) dw,,
Y (n+ 1) “(ﬁ) /on! (ﬁ)
all n.

which is exactly what we had above. Therefore, by induction, our result holds for
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3.3: (a) Let X, = (V;))* + (¥2)>. Then, by It6’s Lemma,
1 1
dX; =2V, dY? + 2,2 dY)! + 52 d(Y?) + 52 d(y;h)
1 1
= 2Y}! <—§Yf dt + Y, th> + 2V (—55/; dt —Y? th>

+ (V) dt+ (v2)" at
(YD (V2 = (YD (YD dt+ [—2Y V2 4 2Y Y2 — ] W,
t t t t t t t
0,

and so X; is constant.

(b) Again by Itd’s Lemma,
1
d(cos(Z;)) = —sin(Z;) dZ; — 5 cos(Zy;) dt
1
d(sin(Z;)) = cos(Z;) dZ; — 5 sin(Z;) dt,

so we can see that Z; = W,, a standard Brownian motion, will do.

(c) We can see that our process Y; lies on the unit circle and its angle with the

r-axis is given by Z;, now a Brownian motion. If N, is the winding number

then we can write N; = bz—;J, SO

oz p (| %] 20)
-# (5 27)

—P(Z, > 2nm)
-+ ().

since Z; ~ N(0,t), where ® is the c.d.f. of a standard normal r.v..

3.4: From the differential form we see that
t t
Xi=x0+ / uXsds + / o X, dWs,
0 0

and so

) =E1X] =r0 0 [ m(s)as

provided that we have E [02 5 X2 ds} < 0o (which can be shown). But then,

differentiating, we get

m(t) = pm(t)
—> m(t) = Aexp(ut)
= m(t) = xoexp(ut).
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Taking limits gives
lim E [X;] = 00, for a>0.

t—o00

We know, or it can be verified easily by It6’s Lemma, that

1
X, = zpexp ((,u — 502)16 + aWt>
1/1
= Ty exp (a (Wt - — (—02 — u) t)>
o \2

for a = % (%02 — ,u) >0 when 0 < p < %2, so then we can see that
t—00

3.5: We can show that the given X, satisfies the SDE, and then argue by uniqueness of
solutions. By Ito’s Lemma,

t

#(y—x—@—x)t—(l_t)/tfm) at + dw;

T 1+t o L—s

y— Xy
= dt + dW,
1 ¢ + ty

so the chosen X satisfies our SDE. We can argue using Theorem [5.5| that this must
be the unique solution. To write our SDE in the form used in the theorem, we have

p(t,z) = 4=, o(t,z) = 1 and we suppose ¢ € [0,T] where T' < 1, so

— Z
(e, 9]+ lo(t. )] = 1+ =2
] 2]
1 A P S
R B
1+ Jy|
< 1
< 5, A+
1+ Jy|
< 1
< T A+
Similarly,
. N ly—2—(y—3)
u(t, 2) + pul(t, 2)| + lo(t,2) + o(t, 2)| = T
|z -7
1t
|z — 2]
< )
= 1-T

and so we satisfy the conditions required in Theorem 5.5. The theorem then tells
us that our SDE has a unique solution for each 7' < 1, and so this unique solution
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must be X given as above. Moreover, this is independent of 7', so we can define
this to be the solution for all ¢ < 1. Now, we have that since E [fot uf—z)g} < 00, our

stochastic integral term is a martingale, and in particular, E [ Ot ‘i‘fs] = 0. Then we
find that, by the Ito Isometry,

E[(X:—y)’] =01t (@—y*+(1-t)E Uot ﬁ}

N R et}

1—1
—0 ast—1,

and so X; — y in L2(P) as t — 1.
3.6: We have F; = exp {—aB;+ 3a’t}, so F, = f(t,B,) where f(t,z) = a—azt+a’t/2

Then
of B
% - —Oéf(t,ﬂ?)
82]”
Frh o’ f(t,x)
of 1,
= e (t.)
Hence
1 1
df(t7 Bt) - —O(f(t, Bt) dBt + (§a2f(t7 Bt) + §Oé2f(t, Bt)) dt
= —O[Ft dBt + Oé2Ft dt.
Then

d(XiFy) = F;dXy + Xy dFy + dF d X,
= FaX,dB, + Firdt — aF, X, dB, + o* F, X, dt
+ (—aF,dB, + o*F,dt) (aX,; dB; + rdt)

= (aF, X, — aFXy) dB + (rFy + o’ B X, — o FXy) dt

=rkF;dt.
Here we used (dt)? = dB; dt = 0 between the second and third lines.
In particular, we have shown that dY; = rexp {—aBt + %aQt} dt.
It follows that

t
/ d(X,F,) = X, — XoFy
0

t
- FX, — XoFy :/ rkF,ds
0

t 1
= r/ exp {—aBS + —a23} ds
0 2

t
1
— )(tef"‘B“O‘%/2 = ze’ + r/ exp {—QBS + 50423} ds
0

t 1
— X, = erO‘Bt’QQt/Q + r/ exp {a(Bt — By) — 5042(25 — s)} ds.
0
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3.7: We wish to use It6’s Lemma on R, = f(W},..., W) with f(x1,...,2,) = (23 +

-+ 22)2, s0
of . Ty
Oui (a} 4+ a2)2
0% f 1 x?
o2 (2 vl R 2\3 |7
i (xf 4+ a2)2 (27 + -+ 22)2
and then,

- %dwz ~11 (W;)? )
dR, = (1= ) dt
o Z ;2&( 2 (Wi)?
szdwz 11( _zxwzf) u

2 R, > (W)
“WidW] n—1
p— dt.
R, 2R,

Note now that d(R); = (dR;)* = Y1, (Wt dt = dt. Then, for n = 2, by Itd’s
Lemma again,

dR, d(R),
d(In(f;)) = R R
- wlrawy Wfdwf+ Lo dt
- R? R? 2R, 2R?
_ Wlaw + W dW2
RQ

Similarly, for n > 3,

A(RZ™) = (2 — n)R" AR, + %(2 _n)(1 — n)R"d(R),

" 1 1
=(2— n)R;"ZW; dWy + §(2 —n)(n—1)R,"dt + 5(2 —n)(1—n)R;"dt

=1
R W AW,
=1

3.8: Note that for t < oo we have
; N, if H—17N<taWH,1,N =N
ItN = / gouN dW, =4¢ -1, it H y <t, Wh oy =-1
0

Wi, otherwise.

But it can be shown, for example by using the fact that lim sup, |W;| = oo almost
surely, that as we let our time run to infinity, our Brownian Motion W almost surely
hits —1 or N, or P(W; € (—1,N) Vt € [0,00)) = 0. So then,

> ! N, Wy, y=N
N = / oy AW, = lim / PN aw, =4 T
0 t—=oo Jo -1, if Wy, ,=-1
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Since, as mentioned above, H_; y < 0o almost surely, we have that E [[ N ] =0, and
by continuity of Brownian paths, Wy_, , € {1, N} almost surely. Then we can
write this as

0=E["]=-P(Wy ,,=-1)+NP(Wy_,,=N)
1

—=P(Wy_,,=N) = ~P (Wh_, v =-1).

But also, P(Wy_, , = N)+P(Wy , , = —1) = 1, and so we can solve to find that

1 N
]P) - N - IP) = —1 = —
(WH_LN ) 1 —|—N (WH—LN ) 1_|_N
Then, for ¢ > 0, since Wy_, = —1 almost surely,

]\;linoop <|WH717N — WH71| > 6) = ]\}ILI;OP (WHfl,N = N) = 0,
so IN — I = —1 in probability. Clearly then E[I] = —1, and we can see that
E[(1Y = 1)"] = 0P (Wi, = =1) + (N + 1P (Wi, , = N)

=N+1
— o0 as N — oo,

so we do not have convergence in L*(P).
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