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Solution Sheet 4— Diffusion Processes

4.1: Dynkin’s Lemma tells us that since f ∈ C2
0(BR), and E [τR ∧ t] <∞ for any t,

Ea [f(WτR∧t)] = f(a) + Ea

[∫ τR∧t

0

Af(Xs)ds

]
.

Since W is a mulitdimensional Brownian motion we know that Af(x) = 1
2
∆f(x) =

1, and so
Ea [f(WτR∧t)] = f(a) + Ea [τR ∧ t] .

We now note that since τR∧t increases with t, we can use the monotone convergence
theorem to show that

lim
t→∞

Ea [τR ∧ t] = Ea
[

lim
t→∞

τR ∧ t
]

= Ea [τR] .

Similarly, since f is bounded in BR, the bounded convergence theorem gives that

lim
t→∞

Ea [f(WτR∧t)] = Ea [f(WτR)] = Ea
[
R2
]

= R2,

by continuity of Brownian motion. We then let t → ∞ in the above and use these
results to see that

Ea [τR] = R2 − |a|2,

for any a ∈ BR.

4.2: We wish to use Dynkin’s Lemma and since we are working with Brownian motion,
we know that Af(x) = 1

2
∆f(x), so it is simple to show that for d = 2 we have

Af(x) =
1

2

(
∂2f

∂x2
1

(x) +
∂2f

∂x2
2

(x)

)
=

1

2

(
2

x2
1 + x2

2

− 2(x2
1 + x2

2)

(x2
1 + x2

2)2

)
= 0.

Then Dynkin’s Lemma tells us that Ex [f(Wτ )] = f(x).

Similarly, for d ≥ 3 we have

Af(x) =
1

2

d∑
j=1

∂2f

∂x2
j

(x)

=
1

2

d∑
j=1

−d
2

2(2− d)

(∑
i

x2
i

)− d+2
2

x2
j + (2− d)

(∑
i

x2
i

)− d
2


=

1

2

−d(2− d)

(∑
i

x2
i

)− d
2

+ d(2− d)

(∑
i

x2
i

)− d
2


= 0,

and then again Ex [f(Wτ )] = f(x).
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We also know that |Wτ | ∈ {a, b} almost surely, and so

Ex [f(Wτ )] = f(a)Px (|Wτ | = a) + f(b)Px (|Wτ | = b)

= f(a)Px (|Wτ | = a) + f(b) (1− Px (|Wτ | = a))

= Px (|Wτ | = a) (f(a)− f(b)) + f(b),

where a,b are any vectors in Rd with |a| = a and |b| = b. Then, by our use of
Dynkin’s Lemma above, we deduce that

Px (|Wτ | = a) =
f(b)− f(x)

f(b)− f(a)
.

We can then see that

lim
b→∞

Px (|Wτ | = a) =

{
1 for d = 2
f(x)
f(a)

for d ≥ 3,

and
lim
a→0

Px (|Wτ | = a) = 0.

Then,

Px (Wt = 0, some t ≥ 0) = Px

⋃
b>|x|

{|Wt| = 0 before |Wt| = b}


= lim

b→∞
lim
a→0

Px
(∣∣Wτa,b

∣∣ = a
)

= 0.

4.3: (a) The argument runs exactly as in the previous question, that is, Dynkin’s
Lemma tells us that

f(x) = Ex
[
f(XHa,b)

]
= f(a)

(
1− P

(
XHa,b = b

))
+ f(b)P

(
XHa,b = b

)
,

and the result follows from a rearrangement.

(b) For a Brownian motion we have Af(x) = 1
2
∆f(x), and so if we take f(x) = x,

then f is bounded on [a, b] and gives Af = 0. Then from the above we have
that

P
(
XHa,b = b

)
=
x− a
b− a

, P
(
XHa,b = a

)
=
b− x
b− a

.

(c) For this diffusion process we haveAf(x) = µ∂f
∂x

+ 1
2
σ2 ∂2f

∂x2
, and we want to choose

a function f such that Af = 0. A quick integration tells us that f(x) = e−
2µ

σ2
x

satisfies this condition (this can be quickly verified by differentiating). Then,
arguing as above,

P
(
XHa,b = b

)
=

e−
2µ

σ2
x − e−

2µ

σ2
a

e−
2µ

σ2
b − e−

2µ

σ2
a
, P

(
XHa,b = a

)
=

e−
2µ

σ2
b − e−

2µ

σ2
x

e−
2µ

σ2
b − e−

2µ

σ2
a
.
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4.4: Since we again have a Brownian motion, we have that

Af(x) =


0 for x ≤ a

1 for x ∈ (a, b]

0 for x ≥ b.

Then, by Dynkin’s Lemma,

Ex0
[
f(WH0,1)

]
= f(x0) + Ex0

[∫ H0,1

0

1{Ws ∈ (a, b]}ds
]
,

but this last term is exactly the expected amount of time the Brownian motion
spends in (a, b]. Rearranging and using the hitting probabilities calculated earlier,
we get

Ex0
[∫ H0,1

0

1{Ws ∈ (a, b]}ds
]

= Ex0
[
f(WH0,1)

]
− f(x0)

= x0f(1) + (1− x0)f(0)− f(x0)

= x0f(1)− f(x0).

4.5: We calculate Av from the original definition:

Av(t, x) = lim
r→0

1

r
(Ex [v(t,Xr)]− v(t, x))

= lim
r→0

1

r

(
Ex
[
EXr

[
f(Xt) exp

(
−
∫ t

0

q(Xs)ds

)]

− Ex
[
f(Xt) exp

(
−
∫ t

0

q(Xs)ds

)]])

= lim
r→0

1

r
Ex
[
f(Xt+r) exp

(
−
∫ t

0

q(Xs+r)ds

)
− f(Xt) exp

(
−
∫ t

0

q(Xs)ds

)]
= lim

r→0

1

r
Ex
[
f(Xt+r) exp

(
−
∫ t+r

0

q(Xs)ds

)
− f(Xt) exp

(
−
∫ t

0

q(Xs)ds

)]
+ lim

r→0

1

r
Ex
[
f(Xt+r) exp

(
−
∫ t+r

0

q(Xs)ds

)(
exp

(∫ r

0

q(Xs)ds

)
− 1

)]
=
∂v

∂t
(t, x) + q(x)v(t, x),

since
(
exp

(∫ r
0
q(Xs)ds

)
− 1
)
→ q(X0).

Take w a bounded solution to the same system and fix (s, x, z) ∈ R × Rn × Rn.
Define Zt = z +

∫ t
0
q(Xs)ds and Ht = (s− t,X0,x

t , Zt) so that Ht is an Itô diffusion
with generator

AHφ(s, x, z) = −∂φ
∂s

+Aφ+ q(x)
∂φ

∂z
,

for appropriate φ. If we take φ(s, x, z) = exp(−z)w(s, x) then AHφ = 0, since w
satisfies (1). Then, for τR = inf{t ≥ 0 : |Ht| ≥ R} we have by Dynkin’s Lemma
that

Es,x,z [φ(Ht∧τR)] = φ(s, x, z),
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and so

w(s, x) = φ(s, x, 0)

= Es,x,0 [φ(Ht∧τR)]

= Ex
[
exp

(
−
∫ t∧τR

0

q(Xr)dr

)
w(s− t ∧ τR, Xt∧τR)

]
→ Ex

[
exp

(
−
∫ t

0

q(Xr)dr

)
w(s− t,Xt)

]
by bounded convergence. In particular, for s = t,

w(s, x) = Ex
[
exp

(
−
∫ s

0

q(Xr)dr

)
w(0, X0,x

s )

]
= v(s, x).

4.6: (a) We know by Theorem 6.7 that

Af = ∇(lnh) · ∇f +
1

2
∆f

=
1

h
∇h · ∇f +

1

2
∆f

=
1

2h
(2∇h · ∇f + h∆f + f∆h)

=
∆(hf)

2h
.

If f = 1
h

then we have Af = ∆(1)
2h

= 0.

(b) Consider the stopping time τa,b = inf{t ≥ 0 : f(Xt) 6∈ (a, b)}. We plan to take
a→ 0 and b→∞. In particular, since h > 0 in D and since h tends to zero or
infinity on the boundary, τa,b < τD, the exit time for D, for a, b ∈ (0,∞), but
in the limit τa,b ↗ τD. But now consider (for a < f(x) < b)

f(x) = Ex
[
f(Xτa,b)

]
= aPx

(
f(Xτa,b) = a

)
+ bPx

(
f(Xτa,b) = b

)
.

Take for example b = a−1, and let b→∞. Then Px
(
f(Xτb−1,b

) = b
)
→ 0, and

hence Px
(
f(Xτb−1,b

) = b−1
)
→ 1 as b→∞.

Noting that τb−1,b ↗ τD as b→∞, it follows that we must have f(Xτb−1,b
)→ 0

as b → ∞. Since f = h−1, this is only possible if h(Xτb−1,b
) → ∞ as b → ∞,

or equally, if Xτb−1,b
→ x0 as b → ∞. By the continuity of paths, the result

follows.

(c) First note that for x = (x1, x2) ∈ ∂D, x 6= (0, 1) we have that limz→x h(z) = 0,
but for example by taking the limit towards (0, 1) along x1 = 0 we see that
limz→(0,1) h(z) = ∞. Then, by the previous parts, the diffusion X that solves
the SDE

dXt = ∇(lnh)dt+ dWt

will exit D at (0, 1) almost surely.
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